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In this paper, we investigate a single-machine problem with the learning effect and release times where
the objective is to minimize the makespan. A branch-and-bound algorithm incorporating with several
dominance properties and lower bounds is developed to derive the optimal solution. A heuristic al-
gorithm is proposed to obtain a near-optimal solution. The computational experiments show that the
branch-and-bound algorithm can solve instances up to 36 jobs, and the average error percentage of the
proposed heuristic is less than 0.11%.
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1. Introduction

In classical scheduling problems, job processing times are as-
sumed to be fixed and known. However, Heizer and Render [1] and
Russell and Taylor [2] demonstrated through empirical studies that
unit costs decline as firms produce more of a product and gain knowl-
edge or experience in several kinds of industry. Wang and Lee [3]
addressed learning by means of overall equipment effectiveness to
increase the productivity of plant and equipment through company-
led small group activities and autonomous maintenance by opera-
tors. Biskup [4] also pointed out that repeated processing of similar
tasks improves workers’ skills, e.g., workers are able to perform se-
tups, deal with machine operations or software, or handle raw ma-
terials and components at a faster pace.

Scheduling with learning effect has received considerable atten-
tion recently. Gawiejnowicz [5], Donheti and Mohanty [6], Biskup
[4] and Cheng and Wang [7] are among the pioneers that brought
the learning effect into the scheduling field. Biskup [4] introduced
the job-position-based learning effect model in which the actual job
processing time is a decreasing function of its position in schedule.
He showed that the single-machine problems to minimize total de-
viations of job completion times from a common due date and to
minimize the sum of job completion times are polynomially solv-
able. Since then, many researchers have devoted attention on the
relatively young but vivid area. For example, Mosheiov [8] gave sev-
eral examples to demonstrate that the optimal schedules of some
problems with learning effect may be different from those of the
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classical ones without learning consideration. Lee et al. [9] consid-
ered a bi-criteria single-machine scheduling problem to minimize
the sum of the total completion time and the maximum tardiness,
while Lee and Wu [10] considered a two-machine flowshop prob-
lem to minimize the total completion time. Wang and Xia [11] pro-
vided the worst-case bound for the shortest processing time (SPT)
rule on the flowshop problems to minimize the makespan and the
total completion time. They also showed that two special cases of
the problems remain polynomially solvable. Chen et al. [12] consid-
ered a two-machine flowshop scheduling problem where the objec-
tive is to minimize a weighted sum of the total completion time and
the maximum tardiness. Wang [13] considered a situation where
both the phenomenon of learning and deterioration are present. He
showed some single-machine problems are solvable in polynomial
time. Recently, Eren and Giiner [14] applied the 0-1 integer pro-
gramming approach to derive the optimal solution, and used the
random search, the tabu search, and the simulated annealing meth-
ods to obtain near-optimal solutions for the total tardiness problem.
Wu and Lee [15] considered a multiple machine flowshop problem
to minimize the total completion time.

On the other hand, Koulamas and Kyparisis [16] expressed the
learning effect as a function of the normal processing times of
jobs already processed. They showed that the SPT sequence is op-
timal for the single-machine makespan and the total completion
time problems. In addition, they also proved that the two-machine
flowshop makespan and the total completion time problems are
optimally solved by the SPT rule when the job processing times are
ordered. Besides, Wang [17] considered some single-machine prob-
lems with the effects of learning and deterioration, and proved that
the makespan and sum of completion times (square) minimization
problems remain polynomially solvable. They also showed that the
weighted shortest processing time (WSPT) first rule and the earliest
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due date (EDD) first rule provide the optimal sequence for the
weighted sum of completion times and the maximum lateness in
some special cases. Janiak and Rudek [18] proposed an experience-
based learning effect. They proved that the problem to minimize
the makespan under Bachman and Janiak [19] model remains poly-
nomially solvable when the experience-based approach is applied,
but the same problem under the more general Cheng and Wang
[7] model becomes strongly NP-hard in the presence of the new
learning effect. Janiak and Rudek [20] introduced a new model of
learning into the scheduling field that relaxes one of the rigid con-
straints by assuming that each job provides a different experience
to the processor. They formulated the shape of the learning curve
as a non-increasing k-stepwise function. Furthermore, they proved
that the makespan problem is polynomially solvable if every job
provides the same experience to the processor, and it becomes NP-
hard if the experiences are different. Janiak et al. [21] investigated
the single-machine makespan problem with a new learning model,
where job processing times are described by S-shaped functions.
They showed that the problem is strongly NP-hard even with the
time-based learning effect. They also provided branch-and-bound
and heuristic algorithms for the general problem.

Recently, Biskup [22] provided a comprehensive survey of
scheduling problems with learning effects. In particular, he empha-
sized that as there is a significant involvement of humans in schedul-
ing environments, the amount of learning activities is high. Hence it
seems to be reasonable to consider learning in scheduling environ-
ments. He further clarified some economic fundamentals of schedul-
ing and learning. To the best of our knowledge, most of the research
assumes that jobs are available at all times. Bachman and Janiak
[19] considered the learning effect scheduling problem with release
times. They proved the makespan problem is NP-hard in the strong
sense for two different learning models. However, no reports on de-
veloping the exact solution or the approximate solutions are found.
In this paper, we provide the exact solution and near-optimal solu-
tions for the single-machine makespan problem with release times.

The rest of the paper is organized as follows. In the next section,
the problem formulation and the description of notation are given.
In Section 3, some dominance properties and two lower bounds are
developed to enhance the search efficiency for the optimal solution,
followed by descriptions of the heuristic and the branch-and-bound
algorithms. The results of a computational experiment are given in
Section 4. Conclusions are given in the last section.

2. Notation and problem formulation

In this section, we first formulate the problem and then introduce
some notation used throughout this paper.

There are n jobs to be scheduled. Each job i has a normal pro-
cessing time p;, and a release time r;. The actual processing time of
job i is p;, =p;v® if it is scheduled in the vth position where a <0 is
a learning ratio common for all jobs. The objective of this paper is
to find an optimal schedule S* such that

max{Cy(5*), Ca(S)...., Cu(S*)} < max{Cy(S),C2(S),..., Ca(S)} (1)

for any schedule S.
The notation is summarized as follows.

n number of jobs.

S, 8 sequences of jobs.

Di normal processing time of job i.

T release time of job i.

Gi(S) completion time of job i in S.

a learning ratio, a < 0.

pri(S) normal processing time for the job scheduled in the i

th position in S.

11i)(S) release time of a job scheduled in the i th position in S.

Ciy(S) completion time of a job scheduled in the i th position
inS.

D) the i th job processing time when they are in a non-
decreasing order.

(i) the i th job release time when they are in a non-

decreasing order.

3. Algorithms

Bachman and Janiak [19] showed that the problem under con-
sideration is NP-hard in the strong sense. Thus, we will apply the
branch-and-bound technique to search for the optimal solution in
this paper. In order to facilitate the searching process, we first de-
velop several dominance properties to fathom the searching tree,
followed by some adjacent pairwise interchange properties. In addi-
tion, two lower bounds are also provided in the next subsection, and
the procedures of the heuristic and branch-and-bound algorithms
are described at last.

3.1. Dominance properties

First, we provide a result that can reduce the size of solution
space of the problem under certain condition.

Property 1. For a given schedule S, if there is a k such that
Ciig(S) <mingq < j<af;)(S), then there exists an optimal solution in
which the order of the first k jobs is the same as that of S.

Proof. We prove the theorem by claiming that moving a job in the
first k positions to a later place does not reduce the makespan. Let
S=Unp - Jiips - Jijls -+ Jin)- Assume that S’ is derived from S by
moving the job in the i th (i < k) position to the j th position. That
is, §' = (][1], "'J[ifl]v][l#llv ...,JU],][i],]UJr]], ...,][n]). To compare S and
§’, we consider two cases.

The first case is j<k. Assume that it yields Cpy(S") < Cpy(S) af-
ter the movement. Note that this is a more restrictive case. Since
Cig(S) <mingq ¢ j<o17;)(S), it implies that the (k 4- 1)th job cannot
be started until r{;;.1)(S) in both sequences. Thus, Cjn)(S) = Cj)(8') in
this case since jobs after the k th position are processed in the same
order in both sequences.

The second case is j > k. Since Cp(S)<ming, 1 <j<nfj(S), it im-
plies that Cyy(S") = Cpyy(S) for k<I<j. Since Jj;) is processed after Ji;)
in &, it implies that Cp;(S") > Cyy(S) for j + 1<I<n. In particular,
Cin)(8") 2> (i) (S). This completes the proof. [

Corollary 1. If Cjp_1)(S) <1(S), then S is an optimal schedule.

The corollary is a straightforward result from Property 1 when
k =n — 1. Nevertheless, it is useful to determine the optimality of a
given schedule.

Next, we present some properties to determine the ordering of
the remaining unscheduled jobs to further speed up the searching
process. Assume that S = (7, n¢) is a sequence of jobs where 7 is
the scheduled part containing k jobs and =¢ is the unscheduled part.
Let S = (m, ') be the sequence in which the unscheduled jobs are
arranged in the non-decreasing orders of job processing times, i.e.,
Ptk+1) SP(k+2) < - -+ <P(n)- In addition, let S, =(r, ") be the sequence
in which the unscheduled jobs are arranged in the non-decreasing
orders of job release times, i.e., T(y;1) <T(ky2) < - -+ <T(n)-

Property 2. If there exists job j € n¢ such that max{Cy_1)(S).1;} +
pjk® <7y, then S = (=, %) is a dominated sequence.



W.-C. Lee et al./Omega 38 (2010) 3-11 5

Proof. S is a dominated sequence since job j can move to a forward
position without changing the completion time of the last job in 7.
d

Property 3. If Cj4j(S1) > maXjeze{rj}, then Sy = (7, ') dominates se-
quences of the type (7, ) for any unscheduled sequence €.

Proof. Since Cj(S1) > maX;en(r;}, it implies that all the unscheduled
jobs are ready to be processed on time Cj(S1). Thus, the SPT rule
yields the optimal subsequence [8]. The next property follows from
Property 1.

Property 4. If Cj;_1)(S2) <1n)(S2), then S; = (7, n”) dominates se-
quences of the type (x, n¢) for any unscheduled sequence ‘.

Next, we will develop several dominance properties based on a
pairwise interchange of two adjacent jobs. Assume that S=(,J;,Jj, 7')
and §'=(=,J;,J;, #') where m and 7’ are partial sequences. To show that
S dominates §', it suffices to show that Cj(S) — Gi(S') < 0. In addition,
let A be the completion time of the last job in the subsequence 7.

Property 5. If r; > max{A,r;} + p;k?, then S dominates S'.

Proof. From r; > max({A,r;} + p;k®, we have

G(S)=rj+pj(k + 1) (2)
Since rj > A, the completion time for job j in §' is

G(S) =rj + pjk°. 3)
From rj >r; and p; > 0, the completion time for job i in §' is
G(S)=rj+pik® + pik + 1)". (4)
Thus, the difference between the completion times of job j in S and
jobiin§ is

G(S) = G(S)=pjlk* — (k+ 1)1+ pi(k+1)* >0 (5)
since a < 0. Therefore, S dominates S'.

The proofs of Properties 6-10 are omitted since they are similar
to that of Property 5.

Property 6. If A> max{r;,1;} and p; < p;, then S dominates §'.

Property 7. If rj > A> max({r;, rj —p;k?} and p; < p;, then S dominates
S.

Property 8. If r; > A > min{rj,r; —p;k?}, and r; —A+[k* — (k+1 ¥ (pi—
p;j) <0, then S dominates §'.

Property 9. If r; > r; > A, r;+p;k® > rj and p; < pj, then S dominates S'.

Property 10. If r; > r; > A, 1j+p;k® > r; and r; — 1j+ [k — (k+1)1(p; —
p;j) <0, then S dominates §'.

3.2. Lower bounds

In this subsection, we will develop two lower bounds to curtail
the branching tree. Assume that PS is a partial schedule in which the
order of the first k jobs has been determined and S is a complete
schedule obtained from PS. By definition, the completion time for
the (k + 1)th job is

Cik+11(S) = max{Ciyy(S), Tiks11} + Ppisaj(k+1)°
> Cy(S) + prre1y(k+ 1) (6)

Similarly, the completion time for the (k + I)th job is

l

Ce11(S) = Cra(S) + Y Ppieyy (k + )" (7)
j=1

Therefore, the makespan for S is

n—k

Cn)(8)= Cug(S) + D P (k +3)°. (8)
=1

It is observed that the first term on the right-hand side of Eq. (8) is
known, and a lower bound of the makespan for the partial sequence
PS can be obtained by minimizing the second term. Since the value
of (k +j)" is a decreasing function of j, the makespan is minimized
by sequencing the unscheduled jobs according to the SPT rule. Con-
sequently, the first lower bound is

n—k

LBy = Cy(S) + Y iy (k +4)°, 9)
=1

where pu 1) <Pri2)< - <Pm)- On the other hand, this lower
bound may not be tight if the release times are large. To overcome
this situation, a second lower bound is established by taking account
of the release time. The completion time for the (k + 1)th job is

Cik11(S) = max{Cpy(S), i1y} + Prs1)(k + 1)°
2 Tie1)(S) + P (k + 1D (10)

Thus, the completion time for the last job in S is

n—k

Cin)(S) = T 11(S) + Y Ppies(k +3)°. (11)
i

By induction, it is derived that

n—k

Cn)(S)= 1r1<1la)<<j{r[k+1](5)} + D Pk +4) (12)
<I< =

where 1<j<n — k. Note that since the first term on the right-
hand side of Eq. (12) is the maximal release time of the first
j unscheduled jobs, it is greater than or equal to r(*k e where
r(*k+1)<rz‘k+2) < gr(*n) denote the release times of the unsched-
uled jobs arranged in a non-decreasing order. The second term is
minimized by the SPT rule since (k +j)° is a decreasing function of

j. Thus, it is derived from equation that the second lower bound is

n—k+1-j

[Bp= max {rto+ Y Phytk+i+1-1)7"¢, (13)
=1

1<j<n—k

where pE“kH) gp;m) < <pz‘n) denote the processing times of the
unscheduled jobs arranged in a non-decreasing order. Note that P )
and r(*k+j) do not necessarily come from the same job. In order to
make the lower bound tighter, we choose the maximum value from
Egs. (9) and (13) as the lower bound of PS. That is,

LB* = max{LBq,LB;). (14)

3.3. The heuristic algorithm

A typical approach to an NP-hard problem is to provide a heuristic
algorithm. French [23] pointed out that apart from the choice of a
search strategy and lower bounds, there are other ways in which we
may attempt to increase the speed of finding an optimal solution.
Firstly, we may prime the procedure with a near-optimal schedule
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as the first trial. The better the first trial the more nodes we may
expect to be eliminated in the early stages. Therefore, assuming that
we can find a near optimal schedule, we may save ourselves much
computation. Such solution can be provided by heuristic methods. In
this section, a three-stage heuristic algorithm is proposed. The main
idea of the first stage is to arrange jobs in earlier positions if the jobs
have smaller values of the release times and processing times with
the learning consideration. However, the schedule might have many
idle periods, which in turn yields a large value of the makespan. To
overcome this problem, NEH algorithm [24] is utilized to improve
the quality of the solution in Stage Il. That is, it selects the k th
job from the solution obtained in the first stage, and inserts it in k
possible positions. A local search (pairwise interchange) is inserted
in the third stage to further improve the quality of the solution. The
steps of the proposed algorithm are described as follows.

Stage I:
Set ] ={1.J2, .-, Jn};

For /<« 1tondo
Choose job J; with min{r; + p;I} from J and place it
on the [ th position.
Delete job J; from J.

end
Output S = U[]]J[z], ,J[n]);
Stage II:
Set SO = Uiy = ---» —) where the first job is from S;

For [ < 2 tondo
Select the [ th job from S and insert it in [ possible
positions in the current partial sequence S°.
Among the [ partial sequences, select the one with
a minimum Cj;; as the current partial sequence S0,

end

Output S°;

Stage III:

For k<« 1ton-1do
Fori < k+1tondo
Create a new sequence S! by interchanging jobs in
the i th and the k th positions from S°.
Replace SO by S! if the value of the makespan of S!
is less than that of S?;
end
end
Output S9;

The complexities of the three stages in the proposed heuristic
algorithm are O(n2), O(n3) and O(n?), respectively. Therefore, the
complexity for the proposed heuristic algorithm is O(n3).

3.4. The branch-and-bound algorithm

The depth-first search is adopted in the branching procedure.
This search strategy has the advantage that it only needs to store
the lower bounds for at most n — 1 active nodes through the branch
procedure. This algorithm assigns jobs in a forward manner starting
from the first position. In the searching tree, we choose a branch
and systematically work down the tree until we either eliminate it
by virtue of the dominance properties, the lower bounds or reach
its final node, in which case this sequence either replace the initial
solution or is eliminated. The steps of the branch-and-bound algo-
rithm are described as follows.

Step 1. {Initialization} Perform the proposed heuristic algorithm
to obtain a sequence as the initial solution.

Step 2. {Reduction} First apply Corollary 1 to determine whether
the initial solution is optimal. If not, utilize Property 1 to reduce the
number of jobs.

Step 3. {Branching} Use the depth-first search for the reduced
problem.

For each node do

Apply Property 2 and Properties 5-10 to eliminate the dominated
partial sequences.

For the non-dominated nodes, utilize Properties 3 and 4 to at-
tempt to determine the order of the unscheduled jobs.
Calculate the lower bound of the makespan for the unscheduled
partial sequences or the makespan for the completed sequences.
If the lower bound for the unscheduled partial sequence is greater
than the initial solution, eliminate that node and all nodes beyond
it in the branch.

If the value of the completed sequence is less than the initial
solution, replace it as the new solution. Otherwise, eliminate it.
end

Return the solution

4. Computational experiment

A computational experiment was conducted to evaluate the effi-
ciency of the branch-and-bound algorithm, and the accuracy of the
heuristic algorithm. The algorithms were coded in Fortran and run
on Compaq Visual Fortran version 6.6 on a 3.4 GHz Pentium 4 CPU
with 1GB RAM on Windows XP. The experimental design followed
Chu’s [25] framework. The job processing times were generated from
a uniform distribution over the integers between 1 and 100. The re-
lease times were generated from a uniform distribution over the in-
tegers on (0,50.5n) where n is the number of job and 4 is a control
variable.

For the branch-and-bound algorithm, the average and the max-
imum numbers of nodes as well as the average and the maximum
execution times (in seconds) were recorded. The heuristic with only
the first stage was denoted as Phase I, the heuristic with the first
two stages was denoted as Phase II, and the heuristic with all the
stages was denoted as Phase IIl. For the heuristic algorithms, the
mean and the maximum error percentages were recorded, where
the error percentage was calculated as

(Cmax — Gax )/ Cinax x 100%,

where Cnax is the makespan obtained from the heuristic algorithm
and G}, is the makespan of the optimal schedule.

The computational experiment was divided into four parts. In the
first part of the experiment, the number of jobs was fixed at 10. The
branch-and-bound algorithm with neither lower bounds nor domi-
nance properties was used as the base, and the dominance properties
were included one each time. The results were given in Table 1. It can
be seen that all the properties are useful in cutting the search tree,
especially Properties 1-6. To further analyze the efficiency of Prop-
erties 7-10, we conducted another computational experiment with
one property (Properties 7-10) excluded each time. It was observed
from Table 2 that the branch-and-bound algorithm with all prop-
erties included is the most efficient in term of the execution time.
Moreover, the impact of particular phases of the proposed heuristic
on the quality of the final solution was presented in Table 3. It can be
seen that without neither lower bounds nor dominance properties,
the impact of the initial solutions is limited.

In the second part of the experiment, the number of job was
fixed at 20 and the learning effect a took the values of 70%, 80%,
and 90% in order to study the impact of the control variable /. The
control variable A took the values from 0.2 to 3.0, with a jump of
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Table 1
The performance of the branch and bound algorithm with n=10.
Property included a y) Branch-and-bound algorithm Rate

CPU time Node

Mean Max Mean Max
None 70 0.20 4.8341 10.7188 439 854 960 624 1.000000
Only Property 1 4.8925 12.1719 426 731 960 624 0.970165
Only Property 2 3.7916 12.4844 279 517 857 404 0.635477
Only Property 3 0.0044 0.0781 170 4441 0.000386
Only Property 4 7.5672 16.0312 439 854 960 624 1.000000
Only Property 5 4.1269 10.1094 364 884 903 032 0.829557
Only Property 6 0.1256 0.2969 12 477 29 621 0.028366
Only Property 7 4.7027 10.6406 415 885 909 148 0.945507
Only Property 8 4.7358 10.5156 430 276 960 624 0.978225
Only Property 9 4.7373 10.0156 407 842 871 375 0.927221
OnlyProperty 10 4.5664 9.4219 416 616 871 791 0.947169
None 1.00 1.4356 6.5625 155 321 984 152 1.000000
Only Property 1 0.0363 1.6094 3175 131 009 0.020442
Only Property 2 0.0356 1.3281 2774 97 103 0.017860
Only Property 3 1.0294 7.3594 96 335 983 149 0.620232
Only Property 4 1.0300 6.1875 58 176 342 975 0.374553
Only Property 5 0.2933 1.2188 30 244 138 768 0.194719
Only Property 6 0.2737 0.7500 27 787 81217 0.178900
Only Property 7 1.3712 6.2500 147 122 954 015 0.947213
Only Property 8 1.4433 6.3438 153 659 970 758 0.989300
Only Property 9 1.3778 6.3125 147 147 970 452 0.947374
Only Property 10 1.4595 6.3750 152 787 984 152 0.983685
None 90 0.20 20.1514 27.5625 1 841 588 2539 133 1.000000
Only Property 1 19.4723 29.8594 1699 918 2539133 0.923072
Only Property 2 9.7431 28.9688 786 352 2 294 059 0.426997
Only Property 3 0.0016 0.0312 45 1075 0.000024
Only Property 4 30.5973 45.8281 1841 588 2539133 1.000000
Only Property 5 17.3422 29.4219 1517 547 2 402 410 0.824043
Only Property 6 0.1381 0.5000 13 751 47 475 0.007467
Only Property 7 19.8456 28.0469 1769 083 2539 133 0.960629
Only Property 8 20.6541 29.1250 1830974 2539133 0.994236
only Property 9 17.9703 23.9531 1629285 2 182 066 0.884717
Only Property 10 19.9439 27.8125 1811 076 2539 133 0.983432
None 1.8753 11.5781 172 380 1049 682 1.000000
Only Property 1 0.6562 11.9219 56 160 1 049 682 0.325792
Only Property 2 0.2125 4.8125 18 024 395 526 0.104560
Only Property 3 0.3687 3.6250 26 777 372 757 0.155337
Only Property 4 2.7559 20.2031 149 845 1 049 682 0.869271
Only Property 5 0.8531 8.5312 73 750 734 800 0.427834
Only Property 6 0.3361 1.1250 30 543 103 199 0.177184
Only Property 7 1.7344 10.3750 156 884 933 736 0.910106
Only Property 8 1.9178 12.1406 171 337 1 045 935 0.993949
Only Property 9 1.7963 10.9844 157 260 955 806 0.912287
Only Property 10 1.9197 12.5000 171 185 1 049 682 0.993068
Table 2

The performance of the branch-and-bound algorithm with n = 20.

Property excluded a A Branch-and-bound algorithm

CPU time Node

Mean Max Mean Max
None 70 0.20 0.0505 0.2344 186 1178
Property 7 0.0591 0.2969 195 1194
Property 8 0.0538 0.2969 196 1461
Property 9 0.0522 0.2500 187 1178
Property 10 0.0531 0.2500 190 1268

0.05 each time. For each condition, 1000 instances were randomly
generated. The results were presented in Figs. 1 and 2. When the
learning effect is fixed, it can be seen in Fig. 1 that the average num-
ber of nodes in the branch-and-bound algorithm increases first and
then decrease as A increases. When the value of A is small, it im-

plies that all the job release times are small and Property 3 is useful
in that case since it is relatively easy for the job completion time
to surpass the maximal release time of the unscheduled jobs after
some jobs have been scheduled. This explains the increment of the
number of nodes for small values of A. However, as the value of /
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The performance of the branch and bound algorithm with n=10.

Initial solution a A Branch-and-bound
CPU time Node
Mean Max Mean Max
Phase I 70 0.20 5.0422 11.0625 456 487 1012 725
1.00 1.4525 6.3906 155 686 984 152
90 0.20 20.5477 27.9688 1853 813 2539139
1.00 1.9431 12.8281 173 243 1 069 982
Phase II 70 0.20 4.8531 10.4688 440 449 960 624
1.00 1.4781 6.5469 155 321 984 152
90 0.20 20.5716 27.9531 1843 016 2539135
1.00 1.9041 11.7812 172 386 1 049 682
Phase III 70 0.20 4.8341 10.7188 439 854 960 624
1.00 1.4356 6.5625 155321 984 152
90 0.20 20.1514 27.5625 1841 588 2539133
1.00 1.8753 11.5781 172 380 1 049 682
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Fig. 1. The performance of the branch-and-bound algorithm with respect to A.

becomes large, it implies that the range of the job release times is
large, thus Property 1 and Corollary 1 are useful in that case. This
explains the decreasing trend of the number of nodes as the value
of A becomes large. The same phenomenon was also observed in Fig.
2. The mean error percentages decreased to zero as the value of 1
became large. This is due to the fact that only the ordering of the
last few jobs will affect the value of the makespan if some of the job
release times are relatively large. Moreover, a further experiment
was conducted to evaluate the performance of the heuristic algo-
rithms. The job size was fixed at 20 and the learning effect a took the
value of 90%. The performance of Phase I was very poor, as shown in
Table 4. Thus, Fig. 3 only includes the performance of Phase II and
Phase III. It can be seen that the contribution of the pairwise inter-
change movement is significant for small values of A by comparing
the performance of Phase Il and Phase III. Thus, we only considered
the cases in which the values of A fell within the interval (0.2,1.0)
in later computational analysis.

In the third part of the experiment, the performance of the
branch-and-bound algorithm and the heuristic algorithms was eval-
uated as the value of the learning effect varied. The job size was
again fixed at 20 while the learning effect was from 70% to 90%
with a jump of 1% each time, and 4 took the values of 0.2, 0.4, 0.6,
0.8 and 1.0. A total of 105 cases were tested. For each case, 1000
instances were randomly generated, and the results were presented
in Figs. 4 and 5.

Fig. 2. The performance of Phase III algorithm with respect to /.

It can be seen in Fig. 4 that the mean number of nodes increases
as the learning effect becomes strong when A =0.2 and 0.4. It can
be concluded from Fig. 1 that Property 3 is more useful as the value
of 1 is smaller. However, as the learning effect is stronger, Property
3 is less efficient since it is more difficult for the job completion
time to surpass the maximal job release times. On the other hand,
the mean number of nodes decreases as the learning effect becomes
stronger when 42 =0.6 and 0.8. It can also be concluded in Fig. 1 that
Property 1 and Corollary 1 are useful when the value of A is large. In
addition, Property 1 and Corollary 1 are more efficient in those cases
since it is easier to finish the available jobs before the arrival of other
jobs. This phenomenon is even stronger when A= 1.0. In that case,
the mean number of nodes tends to be zero as the learning effect
becomes stronger. It can be observed in Fig. 5 that the performance
of Phase III is very good with average error percentages of less than
0.08%. However, there is no trend between the performance of the
heuristic algorithm and the learning effect. As seen in Fig. 2, the error
percentage is smaller as the value of A is larger when the learning
effect is fixed.

In the four part of the experiment, the branch-and-bound algo-
rithm and the proposed heuristic algorithm were tested with five
different numbers of jobs (n = 20,24,28,32, and 36). The control
variable 4 took the values of 0.2, 0.4, 0.6, 0.8, and 1.0, and the learn-
ing effect a took the values of 70%, 80% and 90%. For each situa-
tion, 100 instances were randomly generated, and the results are
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Table 4
The performance of the heuristics with n =20 and 90% learning effect.

A leftPhase I leftPhase II leftPhase III

Error percentage

Mean Max Mean Max Mean Max
0.20 3.7673 11.9658 0.0853 1.6104 0.0149 0.7117
0.40 3.4478 12.8487 0.0739 1.5174 0.0185 0.3117
0.60 23827 12.6857 0.0493 0.6856 0.0147 03221
0.80 1.2549 8.6577 0.0158 04283 0.0059 0.2444
1.00 0.5729 6.7380 0.0032 0.2972 0.0012 0.1084
125 03041 48578 0.0006 0.0760 0.0002 0.0297
1.50 0.2034 3.6634 0.0003 0.0517 0.0000 0.0279
1.75 0.1196 3.5272 0.0001 0.0225 0.0000 0.0189
2.00 0.1101 2.7306 0.0001 0.0375 0.0000 0.0168
3.00 0.0468 15731 0.0000 0.0043 0.0000 0.0000
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Fig. 3. The performance of Phase II and Phase III algorithms with respect to A.
& P & P Fig. 5. The performance of Phase IIl algorithm with respect to the learning effect.

1200
" b2 However, the execution time and the number of nodes increase dra-
& 1000 = =04 matically as the job size increases, especially when the learning ef-
é A " fect is strong and the value of A is small. The worst case took about
= 80 7 ° \ / 11.57 h when n=36, A=0.4 and the learning effect was 80%. On the
~ -==e08
& . Y- other hand, the mean error percentages for Phase Il and Phase III
-E 600 \ e 10 algorithm seemed to remain stable as the number of job increased.
E 8 settrane, 0, Moreover, the computational experiments showed that Phase Il and
ﬂ :':'-,." et Phase III algorithms were quite accurate with average error percent-
& w T s \ ages of less than 0.1862% and 0.1088%, respectively. Moreover, the
§ L. = . y mean error percentages of both heuristic algorithms tended to be
<« 00 ¢ o g el zero when A = 1.0. Thus, Phase III algorithm is recommended for
_..,'....." -,I - small values of 1 due to its accuracy.
0 ISP, A S VT SPAPPY X, i S P = e e
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Learning effect

5. Conclusions

In this paper, we addressed a single-machine makespan problem
where the job processing times are decreasing functions of their
position and each job has its release time. The problem is NP-hard in
the strong sense. Thus, we developed a branch-and-bound algorithm
incorporating with several dominances and two lower bounds to

Fig. 4. The performance of the branch-and-bound algorithm with respect to the
learning effect.

presented in Table 5. The branch-and-bound algorithm can solve
most of the problems in a small amount of time when the job size is
less than or equal to 36. Properties 1, 4, 5 and Corollary 1 are more
useful when the range of release times is wider or the learning effect
is stronger. Property 2 is useful when the range of release times is
wide while Properties 3 and 6 are useful when the range of release
times is narrow. Moreover, Properties 7-10 are less effective when
the range of release times is wider or the learning effect is weaker.

derive the optimal solution. In addition, we also proposed a heuristic
algorithm to obtain a near-optimal solution.

The computational results showed that with the help of the pro-
posed heuristic initial solution, the branch-and-bound algorithm per-
forms well in terms of the number of nodes and the execution time
when the number of jobs is less than or equal to 36. Moreover, the
computational experiments also showed that the performance of
the proposed Phase III algorithm is very accurate. The extension to
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Table 5
The performance of the branch-and-bound and the heuristic algorithms.
n A a Branch-and-bound algorithm Phase II Phase III
CPU time Number of nodes Error percentage
Mean Max Mean Max Mean Max Mean Max
20 0.20 70 0.0452 0.2031 186 1158 0.1862 2.0845 0.1088 2.0845
80 0.0197 0.3438 60 1410 0.1065 1.3610 0.0315 0.6771
90 0.0128 0.0469 26 124 0.0963 1.6104 0.0159 0.3346
0.40 70 0.1250 3.4219 952 25529 0.0313 0.7032 0.0188 0.3197
80 0.0770 1.0000 496 8697 0.0948 0.8741 0.0485 0.3998
90 0.0355 0.4219 150 2007 0.0808 0.6238 0.0109 0.1495
0.60 70 0.0000 0.0000 0 6 0.0000 0.0000 0.0000 0.0000
80 0.0683 2.7812 593 29 246 0.0238 0.3585 0.0068 0.1470
90 0.0631 0.4219 439 2831 0.0547 0.3331 0.0109 0.1178
0.80 70 0.0000 0.0000 0 5 0.0000 0.0000 0.0000 0.0000
80 0.0034 0.2812 20 1737 0.0012 0.0575 0.0002 0.0170
90 0.0195 0.5000 198 3824 0.0141 0.1527 0.0064 0.1194
1.00 70 0.0000 0.0000 0 11 0.0000 0.0000 0.0000 0.0000
80 0.0002 0.0156 0 12 0.0000 0.0000 0.0000 0.0000
90 0.0028 0.1406 38 2173 0.0026 0.0644 0.0006 0.0181
24 0.20 70 0.4775 6.1875 1418 17 233 0.1786 2.1627 0.0643 0.8916
80 0.1055 1.4219 192 3563 0.1465 1.8826 0.0512 1.2911
90 0.0508 0.3906 69 583 0.0812 0.4795 0.0116 0.2000
0.40 70 0.3497 14.6094 1975 91 769 0.0211 0.8308 0.0072 0.5246
80 0.6603 5.8281 2819 28 116 0.1100 1.1302 0.0344 1.1302
90 0.2053 1.5000 659 5639 0.0793 0.5819 0.0185 0.1632
0.60 70 0.0000 0.0000 0 6 0.0002 0.0146 0.0001 0.0103
80 0.2528 10.3125 1399 54 504 0.0077 0.1578 0.0043 0.1578
90 0.4361 9.1250 2039 29 388 0.0444 0.5076 0.0123 0.3032
0.80 70 0.0000 0.0000 0 35 0.0000 0.0000 0.0000 0.0000
80 0.0002 0.0156 0 5 0.0001 0.0061 0.0000 0.0000
90 0.0887 5.0469 517 22 521 0.0091 0.1778 0.0027 0.1113
1.00 70 0.0002 0.0156 0 6 0.0001 0.0075 0.0000 0.0000
80 0.0005 0.0156 0 8 0.0001 0.0125 0.0000 0.0000
90 0.0042 0.1875 56 3185 0.0009 0.0255 0.0005 0.0142
28 0.20 70 4.3563 47.6250 9618 120 420 0.1760 2.4619 0.0574 1.2740
80 0.5961 3.4531 694 5678 0.1103 1.6357 0.0343 0.6211
90 0.2649 2.4688 263 2902 0.0592 0.4913 0.0135 0.2757
0.40 70 0.0188 1.7969 272 26 602 0.0018 0.0539 0.0003 0.0193
80 16.3044 284.5000 54 474 761 881 0.0940 1.0432 0.0424 0.3798
90 2.9578 139.2656 6687 309 145 0.0755 0.6555 0.0193 0.2761
0.60 70 0.0000 0.0000 0 4 0.0003 0.0138 0.0000 0.0000
80 3.2812 279.9219 21 169 1910 931 0.0055 0.1619 0.0018 0.0606
90 3.3005 30.0156 14 883 95 887 0.0350 0.2600 0.0113 0.1897
0.80 70 0.0000 0.0000 0 2 0.0000 0.0000 0.0000 0.0000
80 0.0003 0.0156 5 406 0.0002 0.0211 0.0000 0.0023
90 1.2034 44.1719 6513 232332 0.0050 0.0988 0.0012 0.0384
1.00 70 0.0000 0.0000 0 1 0.0000 0.0040 0.0000 0.0000
80 0.0002 0.0156 0 6 0.0000 0.0000 0.0000 0.0000
90 0.0112 0.7344 97 5547 0.0030 0.0803 0.0008 0.0333
32 0.20 70 115.4145 2122.9062 235 343 6548 117 0.1526 1.6864 0.0919 1.6864
80 6.6736 177.1406 7112 217 764 0.1304 1.0920 0.0341 0.4391
90 0.7325 16.7031 516 11 851 0.0750 0.5763 0.0094 0.1454
0.40 70 2300.0701 230 006.9688 7 020 932 702 092 992 0.0006 0.0318 0.0000 0.0000
80 110.5523 2678.6094 385 262 11 609 855 0.0920 0.7987 0.0196 0.1749
90 22.8186 890.1094 45 904 2 141 226 0.0653 0.5807 0.0186 0.2783
0.60 70 0.0002 0.0156 0 10 0.0001 0.0150 0.0000 0.0000
80 2.8531 283.6719 8311 825 377 0.0020 0.1135 0.0010 0.0353
90 134.4742 4040.2812 445 553 20 446 428 0.0431 0.3119 0.0137 0.2360
0.80 70 0.0000 0.0000 0 4 0.0000 0.0000 0.0000 0.0000
80 0.0006 0.0156 3 186 0.0003 0.0087 0.0001 0.0084
90 9.8114 659.4688 32525 1 800 263 0.0053 0.0803 0.0023 0.0709
1.00 70 0.0000 0.0000 0 1 0.0000 0.0000 0.0000 0.0000
80 0.0002 0.0156 0 8 0.0001 0.0076 0.0001 0.0076
90 0.0012 0.0313 7 209 0.0004 0.0196 0.0002 0.0166
36 0.20 70 1881.4626 41 645.7969 2 943 904 77 158 511 0.1877 1.7338 0.0873 1.3438
80 43.6572 1445.9531 39434 1615989 0.1187 1.1016 0.0527 1.0258
90 3.7502 57.2188 2148 37 576 0.0911 0.5691 0.0170 0.5054
0.40 70 0.0000 0.0000 1 38 0.0001 0.0061 0.0000 0.0000
80 5653.2881 186 009.4375 15 573 308 553 483 772 0.0786 0.9170 0.0328 0.2085
90 212.9334 5443.1406 250 190 4 478 008 0.0789 0.7406 0.0155 0.1822
0.60 70 0.0000 0.0000 0 5 0.0000 0.0035 0.0000 0.0000
80 8.2377 819.8281 28 699 2 849 042 0.0024 0.1459 0.0005 0.0284
90 776.8614 19 880.5625 1 803 784 49 277 848 0.0210 0.1847 0.0098 0.1158
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Table 5 (Continued).

n A a Branch-and-bound algorithm Phase II Phase III
CPU time Number of nodes Error percentage
Mean Max Mean Max Mean Max Mean Max
0.80 70 0.0000 0.0000 0 3 0.0000 0.0034 0.0000 0.0000
80 0.0003 0.0156 0 10 0.0004 0.0296 0.0000 0.0000
90 162.4353 5346.8125 660 432 24 807 410 0.0052 0.0872 0.0029 0.0581
1.00 70 0.0002 0.0156 0 4 0.0000 0.0016 0.0000 0.0000
80 0.0003 0.0156 0 19 0.0003 0.0107 0.0000 0.0025
90 0.0042 0.2656 38 1896 0.0004 0.0111 0.0000 0.0000

the bi-criterion or multiple machine system seems to be an inter-
esting topic for future research.
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